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Abstract
Considering the two-photon exchange interaction between n coupled cavities each
of them containing a two level atom, the atomic and photonic state transfer is investi-
gated. In fact, n atom-cavity systems are considered to be distributed on the nodes of
an uncolored Cayley network and interact with each other via the adjacency matrix of
the corresponding network. Then, by employing the photon-excitation conservation and
also the algebraic structure of the networks, such as irreducible characters of the groups
associated with the networks, some suitable basis for the atom-cavity state space is intro-
duced based on the corresponding generalized Fourier transform, so that the Hamiltonian
of the whole system, is block diagonalized with two-dimensional blocks. Then, by solving
the corresponding Schro¨dinger equation exactly, quantum state transfer and also entan-
glement generation between the atoms or the photons are discussed. For instance, the
probability amplitudes associated with the photon transition between the cavities or ex-
citation transition between the atoms are obtained in terms of the irreducibles characters
of the corresponding network and the hopping parameter ξ between the cavities.
Keywords: coupled cavities, two-photon exchange, hopping strength, two-
level atoms, generation of entanglement, excitation and photon transfer, un-
colored Cayley graphs, Generalized Fourier transform
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1 Introduction
In the past years, several schemes for quantum information transition and the generation and
distribution of entanglement have been designed and implemented in a number of physical
systems (see for example [1]-[10]). Atoms and ions are particularly considered as tools for
storing quantum information in their internal states. On the other hand, photons represent the
best qubit carrier for the fast and reliable communication over long distances [11, 12]. Recently,
using photons in order to achieve efficient quantum information transmission between spatially
distant atoms has investigated in several works [13, 14, 15, 16, 17, 18]. The main idea, is to
utilize two photon exchange hopping between optical cavities containing the atoms. One of the
known models in quantum optics describing the atom-field interaction is the Jaynes-Cummings
Hamiltonian [19, 20]. In Refs. [13, 16], entanglement properties of two and three atom-cavities
coupled via two-photon exchange interaction, was studied in detail. The motivation of interest
to such systems is their ability to be used in quantum switching, quantum communication and
computation, and quantum phase transition applications.
In the recent work [18], the approach of Alexanian, et. al has generalized to the case of
n atom-cavities - instead of two or three cavities- all of them interacting with each other by
hopping strength ξ (in that case the cavities were distributed on a complete network Kn at
which all of the vertices connected to each other). In this paper, I consider that the atom-
cavity systems are interacting with each other via the more general connectivity networks
(graphs) called uncolored Cayley networks. Due to the fact that these graphs are constructed
via finite groups, one can naturally use their algebraic structure in order to state transfer or
entanglement generation. In fact, I consider the Cayley graphs associated with abelian groups
and employ the group theoretical properties of these networks such as generalized Fourier
transform associated with the corresponding groups (the unitary transform which diagonalizes
the regular representation of the groups). Then, by using the photon-excitation conservation
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symmetry of the Hamiltonian, some suitable basis for the atom-cavity state space is introduced,
so that the Hamiltonian of the whole system, is block diagonalized with two dimensional blocks.
Then, by solving the corresponding Schro¨dinger equation exactly, state transfer between atoms
or photons is discussed. For instance, the probability amplitudes associated with the photon
transition between the cavities or excitation transition between the atoms are obtained in
terms of the irreducibles characters of the groups associated with the corresponding networks,
and the hopping parameter ξ between the cavities.
The paper is organized as follows. In section 2, a preliminary is given in order to recall
the definition of uncolored Cayley networks. In section 3, the model describing the system
of n identical atom-cavities is introduced. The block-diagonalization of the Hamiltonian of
the system, solving the corresponding Shro¨dinger equation for time dependent probability
amplitudes of the state of the system, and entanglement generation between atoms or photons
are discussed in this section. Section 4 is devoted to discussions about state transfer (excitation
or photon transfer between the atoms or the cavities). In sections 5, two examples of Cayley
networks (Cycle network Cn and the hypercube network Qd) are discussed in detail, in order
to clarify the results of the paper. The paper is ended with a brief conclusion.
2 Preliminary: Uncolored Cayley networks
For a given finite group G, we have always a set of group elements S so that all of the group
elements can be generated via the possible multiplications of the elements of S and their
powers. The set S is called the generating set of G. The Cayley graph Γ(G, S) is a colored
directed graph constructed as follows: Each element g of G is assigned a vertex: the vertex set
V (Γ) of Γ is then identified with G. Each generator s of S is assigned a color cs. For any g ∈ G
and s ∈ S, the vertices corresponding to the elements g and gs are joined by a directed edge
of color cs. Thus the edge set E(Γ) consists of pairs of the form (g, gs) with s ∈ S providing
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the color.
The set S is usually assumed to be finite, symmetric (i.e. S = S−1 ) and not containing
the identity element of the group. In this case, the uncolored Cayley graph is an ordinary
graph: its edges are not oriented and it does not contain loops. Then, the adjacency matrix
A corresponding to the Cayley graph Γ(G, S) is defined as:
A =
∑
s∈S
R(s), (2-1)
where R(s) is the regular representation of the group element s ∈ S.
We will assume the Cayley graphs corresponding to the Abelian group, so that the ad-
jacency matrix A can be diagonalized via generalized Fourier transform P defined by Pij =
1√
n
χi(j) where, χi(j), for i, j = 1, 2, . . . , n (= |G|), is the i-th irreducible character of the j-th
group element, and |G| is the cardinality of the group. Then, the eigenvalues of the adjacency
matrices Ak are given by
xi =
∑
s∈S
χi(s). (2-2)
It could be noticed that, from the orthogonality relation for the irreducible characters [21],
1
n
∑
k
χi(k)χ
∗
j(k) = δij , (2-3)
one can see that (P−1)ij = 1√nχ
∗
j(i) and so we have P
−1 = P †.
3 The Model: n coupled cavities via two-photon ex-
change interaction
We will consider n identical cavities each containing a two-level atom, where the cavities are
coupled via two photon hopping between them. In fact, we consider that the cavities are
located at the nodes of an uncolored Cayley network with n nodes and each cavity interacts
with all of the adjacent cavities, via two-photon exchange.
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Let us first introduce the Hamiltonian of one individual atom-cavity as a two-photon JCM
[22] (assume h¯ = 1):
H(i) = ωas
(i)
z + ωca
†
iai + λ(σ
(i)
eg a
2
i + σ
(i)
ge a
†2
i ), (3-4)
where, the operators ai and a
†
i are photonic annihilation and creation operators of the i-th
cavity, σ
(i)
ab = |a〉(i)(i)〈b|, for i = 1, 2, . . . , n denote the atomic transition operators for the i-
th cavity referring to either the ground (g) or excited (e) state; ωa is the energy separation
between two levels |g〉 and |e〉, s(i)z = 12σ(i)z = 12(|e〉(i)(i)〈e| − |g〉(i)(i)〈g|), and ωc is the resonance
frequency of the cavity.
In the Hamiltonian (3-4), the excitation-number operator
Nˆ (i) = a†iai + s
(i)
z
is a constant of motion for the i-th atom-cavity subsystem, i.e, we have [H(i), Nˆ (i)] = 0 for
each i = 1, 2, . . . , n. Now, the Hamiltonian for the n cavities is given by:
H =
n∑
i=1
H(i) + ξ
n∑
i,j=1;i∼j
(a2†i a
2
j + a
2†
j a
2
i ), (3-5)
where, i ∼ j means that the cavities i and j are adjacent on the network. The last term in the
Hamiltonian (3-5) is the two-photon exchange interaction between the cavities, characterized
by the hopping rate ξ.
The operator Nˆ =
∑n
i=1 Nˆ
(i) commutes with the Hamiltonian (3-5) and so we can reduce
the Hamiltonian to the subspace spanned with the eigenstates of Nˆ and consider the time
evolution of the states in this subspace. For a given eigenspace of Nˆ with eigenvalue N , the
maximum possible number of photons in a cavity is N when the corresponding atom is in the
ground state, which occurs when there are no photons present in the other cavities and the
atoms are also in the ground state. Then, the total number of photons in the system will be N .
The constant number of total photons determines the subspace or the manifold in which the
states evolve in time (the initial state of the system determines the constant number N). For
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simplicity, we will consider the manifold with N = 2−n
2
. In this case, each single atom-cavity
system can take one of the three possible states |g, 0〉, |g, 2〉 or |e, 0〉, and so, the total possible
states that the system of n-cavities can take, are 3n states. Due to the consistency of total
N = 2−n
2
, the only possible states which we can have, are 2n states instead of 3n ones. In fact,
these 2n states are eigenstates of Nˆ with eigenvalue 2, and the 3n-dimensional Hamiltonian
H is reduced to 2n-dimensional one in the bases which span the eigenspace of Nˆ with the
corresponding eigenvalue 2. The bases states that span this subspace or manifold, are given
by:
|ci〉 = |g, 0〉 . . . |g, 0〉 |g, 2〉︸ ︷︷ ︸
i−th
|g, 0〉 . . . |g, 0〉,
|ai〉 = |g, 0〉 . . . |g, 0〉 |e, 0〉︸ ︷︷ ︸
i−th
|g, 0〉 . . . |g, 0〉,
for i = 0, 1, . . . , n− 1. Indeed, these bases span the eigenspace of Nˆ with eigenvalue 2, i.e., we
have Nˆ(α|ci〉+ β|ai〉) = 2−n2 (α|ci〉+ β|ai〉). Therefore, the general time dependent state of the
n-cavity system is given by
|ψ(t)〉 =
n−1∑
i=0
(Ci(t)|ci〉+ Ai(t)|ai〉). (3-6)
Then, one can easily show that
n∑
i=1
H(i)|ak〉 = 2− n
2
ωa|ak〉+
√
2λ|ck〉,
n∑
i=1
H(i)|ck〉 = 4ωc − nωa
2
|ck〉+
√
2λ|ak〉,
H
int.
|ck〉 ≡ ξ
n∑
i,j=1;i∼j
(a2†i a
2
j + a
2†
j a
2
i )|ck〉 = 2ξ
∑
i∼k
|ci〉, Hint.|ak〉 = 0; k = 0, 1, . . . , n− 1.
Now, by considering the order of bases as |c0〉, |a0〉, . . . , |cn−1〉, |an−1〉, and defining ∆ = ωa−2ωc,
the Hamiltonian H takes the following direct product form
H = In ⊗

 ω +∆/2
√
2λ
√
2λ ω −∆/2

+ 2ξA⊗

 1 0
0 0

 , (3-7)
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where, ω := 1
2
[(2 − n)ωa − ∆] and A is the adjacency matrix of the corresponding network
containing the atom-cavities on its nodes. We will assume that the cavities are interacting
with each others via an uncolored Cayley network as connectivity network, so that A ≡ A1 is
given by (2-1). That is, the photons only hope between the cavities which are adjacent in the
network.
Now, due to the fact that the adjacency matrix A is diagonalized by the generalized
Fourier transform Pkl :=
1√
n
χk(αl), one can naturally consider the new transformed bases
{|cj〉′, |aj〉′}n−1j=0 as:
|cj〉′ := 1√
n
n−1∑
i=0
χj(αi)|ci〉,
|aj〉′ := 1√
n
n−1∑
i=0
χj(αi)|ai〉. (3-8)
Then, by considering the ordering {|c0〉′, |a0〉′; . . . ; |cn−1〉′, |an−1〉′}, the Hamiltonian (3-7) takes
the following block diagonalized form:
H = In ⊗

 ω +∆/2
√
2λ
√
2λ ω −∆/2

+ 2ξ diag(x0, x1, . . . , xn−1)⊗

 1 0
0 0

 , (3-9)
where, diag(x0, x1, . . . , xn−1) is the n× n diagonal matrix with diagonal entries as xi = χi(α1)
with i = 0, 1, . . . , n− 1. Therefore, the i-th block of the Hamiltonian is given by
H(i) =

 ω +∆/2 + 2ξxi
√
2λ
√
2λ ω −∆/2

 . (3-10)
with eigenvalues E
(i)
± = (ω + ξxi) ±
√
2λ2 + (∆
2
+ ξxi)2. Now, by using the Schro¨dinger
equation of motion ih¯ ∂
∂t
|ψ〉 = H|ψ〉, the equations of motion are given by:
iC˙ ′i = [ω +∆/2 + 2ξxi]C
′
i +
√
2λA′i;
iA˙′i =
√
2λC ′i + (ω −∆/2)A′i, (3-11)
for i = 0, 1, . . . , n− 1. Solving the corresponding differential equations, one can obtain
C ′i(t) =
e−i(ω+ξxi)t√
2λ2 + (∆
2
+ ξxi)2
{[
√
2λ2 + (
∆
2
+ ξxi)2 cos t
√
2λ2 + (
∆
2
+ ξxi)2−
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i(
∆
2
+ ξxi) sin t
√
2λ2 + (
∆
2
+ ξxi)2]C
′
i(0)− i
√
2λ sin t
√
2λ2 + (
∆
2
+ ξxi)2A
′
i(0)},
A′i(t) =
e−i(ω+ξxi)t√
2λ2 + (∆
2
+ ξxi)2
{[
√
2λ2 + (
∆
2
+ ξxi)2 cos t
√
2λ2 + (
∆
2
+ ξxi)2+
i(
∆
2
+ ξxi) sin t
√
2λ2 + (
∆
2
+ ξxi)2]A
′
i(0)− i
√
2λ sin t
√
2λ2 + (
∆
2
+ ξxi)2C
′
i(0)}, (3-12)
In the resonance case ∆ = 0, by considering λ = 1√
2
, the coefficients (3-12) read as
C ′i(t) =
e−i(ω+ξxi)t√
1 + (ξxi)2
{[
√
1 + (ξxi)2 cos t
√
1 + (ξxi)2−iξxi sin t
√
1 + (ξxi)2]C
′
i(0)−i sin t
√
1 + (ξxi)2A
′
i(0)},
A′i(t) =
e−i(ω+ξxi)t√
1 + (ξxi)2
{[
√
1 + (ξxi)2 cos t
√
1 + (ξxi)2+iξxi sin t
√
1 + (ξxi)2]A
′
i(0)−i sin t
√
1 + (ξxi)2C
′
i(0)}.
(3-13)
By using (3-8), one can obtain the time dependence of the coefficients Ci(t) and Ai(t) of
the state of the system in (3-6) via the inverse P transform as,
Ci(t) =
1√
n
n−1∑
j=0
χ∗j(αi)C
′
j(t),
Ai(t) =
1√
n
n−1∑
j=0
χ∗j(αi)A
′
j(t), (3-14)
where, ∗ denotes the complex conjugate. It should be pointed out that, for the probabilities
associated with the state of the system as a superposition of atomic states |ai〉, and that of
photonic states |ci〉 (denoted by Pa(t) and Pc(t), respectively), the equation (3-14) gives
Pa =
n−1∑
i=0
|Ai(t)|2 = 1
n
∑
j,k
∑
i
χ∗j(αi)χk(αi)︸ ︷︷ ︸
nδjk
A′j(t)A
′
k(t) =
n−1∑
j=0
|A′j(t)|2
Pc =
n−1∑
i=0
|Ci(t)|2 = 1
n
∑
j,k
∑
i
χ∗j(αi)χk(αi)︸ ︷︷ ︸
nδjk
C ′j(t)C
′
k(t) =
n−1∑
j=0
|C ′j(t)|2
For instance, considering the initial state
|ψ(0)〉 = 1√
n
(|g, 2〉|g, 0〉...|g, 0〉+ |g, 0〉|g, 2〉|g, 0〉...|g, 0〉+ . . .+ |g, 0〉...|g, 0〉|g, 2〉) =
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|gg . . . g〉 ⊗ 1√
n
(|200...0〉+ |020...0〉+ . . .+ |0...002〉), (3-15)
in which the atoms are initially unentangled, whereas the photons are in a multipartite en-
tangled W -state. Then, the initial conditions are given by Aj(0) = 0 and Cj(0) =
1√
n
for all
j = 0, 1, ..., n− 1, and we obtain via equation (3-8), A′i(0) = 0, and C ′i(0) = 1n
∑
j χi(αj) for all
i. Then, with the aid of Eq. (3-12), we obtain
Pa(t) =
n−1∑
i=0
|A′i(t)|2 =
∑
i
∑
j,k
2λ2 sin2 t
√
2λ2 + (∆
2
+ ξxi)2
n2[2λ2 + (∆
2
+ ξxi)2]
χ∗i (αj)χi(αk),
Pc(t) = 1− Pa(t). (3-16)
The above result indicates that, in the limit of large ξ →∞, we have Pc(t) ≃ 1 for every time
t, i.e., for large enough ξ, all of the atoms will be at their ground state |g〉 at every time t.
In particular, at the resonance case ∆ = 0, we obtain
Pa(t) =
∑
i
∑
j,k
2λ2 sin2 t
√
2λ2 + ξ2x2i
n2[2λ2 + ξ2x2i ]
χ∗i (αj)χi(αk),
where by taking λ = 1√
2
, we have
Pa(t) =
∑
i
∑
j,k
sin2 t
√
1 + ξ2x2i
n2[1 + ξ2x2i ]
χ∗i (αj)χi(αk).
From the above result it can be seen that for small hopping strength ξ ≪, we have
Pa(t) =
sin2 t
n2
∑
j,k
∑
i
χ∗i (αj)χi(αk)︸ ︷︷ ︸
nδjk
= sin2 t,
which indicates that for times T = (2k+1)pi
2
, we have Pa(t) = 1, whereas for times T = lpi, we
have Pc(t) = 1, for any k, l ∈ Z. In other words, for small hopping ξ, the initial state (3-15)
evolves as
|ψ(pi
2
)〉 = ( −i√
n
n∑
i=1
|g . . . g e︸︷︷︸
i
g . . . g〉)⊗ |00 . . . 0〉
after time T = pi
2
for which we have Ai(
pi
2
) = −i√
n
for all i, and so the initially unentangled
atoms become entangled and the initial photonic W -state oscillates between atomic and pho-
tonic W -states periodically, with time period pi
2
. In order to evaluate the amount of quantum
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entanglement between two atoms labeled by l and m, one can calculate the state of the corre-
sponding two atoms as
ρlm
at
(
pi
2
) = Tr
ph;k 6=l,m
(|ψ(pi
2
)〉〈ψ(pi
2
)|) = (1− 2
n
)|gg〉〈gg|+ 1
n
(|eg〉〈eg|+
|ge〉〈ge|+ |eg〉〈ge|+ |ge〉〈eg|),
where the partial trace is taken over photonic states and also over the atomic states correspond-
ing to the atoms other than the atoms l and m. Now, the Peres-Horodecki criteria [23, 24]
known also as positive partial transpose (PPT) criteria can be checked. The partial transpose
of ρlm
at
(pi
2
) with respect to the first subsystem is given by
[ρlm
at
(
pi
2
)]T1 =
1
n


n− 2 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0


,
so that the corresponding eigenvalues λi are given by
1
n
(with double degeneracy) and λ± =
1
2n
(n − 2 ±
√
(n− 2)2 + 4), and the negativity is then N(ρlm
at
(pi
2
)) =
∑
i |λi| − 1 = −2λ− =
1
n
[
√
(n− 2)2 + 4 − (n− 2)]. Then, for the case of two cavities, n = 2, we have N(ρ
at
(pi
2
)) = 1
and the initially unentangled atoms, become maximally entangled at times T = (2k+1)pi
2
, k ∈ Z.
4 Photon and excitation transfer between the atom-
cavity systems
4.1 Photon transition
Hereafter, we consider the resonance case ∆ = 0 and take λ = 1√
2
. In order to investigate
photon transition between the cavities, we consider the initial state |ψ(0)〉 = |g, 2〉|g, 0〉...|g, 0〉,
with initial conditions Aj(0) = 0, C0(0) = 1 and Cl(0) = 0 for all j = 0, 1, ..., n − 1 and
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l = 1, . . . , n− 1. Then, one can obtain via equation (3-8), A′j(0) = 0, and C ′j(0) = 1√nχj(α0) =
dj√
n
= 1√
n
for every j. Now, with the aid of Eqs. (3-13) and (3-14), we obtain
Ci(t) =
1
n
∑
j
e−i(ω+ξxj)t√
[1 + (ξxj)2]
[
√
1 + (ξxj)2 cos t
√
1 + (ξxj)2 − iξxj sin t
√
1 + (ξxj)2]χ
∗
j(αi),
Ai(t) =
−i
n
∑
j
e−i(ω+ξxj)t√
[1 + (ξxj)2]
sin t
√
1 + (ξxj)2χ
∗
j (αi). (4-17)
A. Small hopping ξ ≪
The above result indicates that for small hopping ξ ≪, we have
Ci(t) ≃ e
−iωt cos t
n
∑
j
χ∗j(αi),
Ai(t) ≃ −ie
−iωt sin t
n
∑
j
χ∗j (αi). (4-18)
It would be noticed that from the orthogonality relation
∑
i χ
∗
j (αi)χk(αi) = nδj,k, we have
clearly ∑
i
(|Ci(t)|2 + |Ai(t)|2) = 1
n2
∑
j,k
∑
i
χ∗j (αi)χk(αi) = 1.
The result (5-21) indicates that, at times T = kpi, with k ∈ Z, we have Ai(T ) = 0 and the
probability of transfer of two photons from the first cavity to the i-th cavity is given by
Pi(T ) = |Ci(T )|2 = 1
n2
∑
j,k
χ∗j(αi)χk(αi).
B. Large hopping ξ ≫
For large hopping strength ξ →∞, the result (4-17) leads to
Ci(t) ≃ e
−iωt
n
{cos t ∑
j;xj=0
χ∗j (αi) +
∑
j;xj 6=0
e−2iξtxjχ∗j (αi)},
Ai(t) ≃ −ie
−iωt
n
{sin t ∑
j;xj=0
χ∗j (αi) +
∑
j;xj 6=0
e−iξtxj sin(ξtxj)
ξxj
χ∗j (αi)} ≃
−ie−iωt
n
sin t
∑
j;xj=0
χ∗j (αi).
(4-19)
Again, at times T = kpi, with k ∈ Z, we have Ai(T ) ≃ 0 and the initially unentangled atoms
remain unentangled.
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4.2 Excitation transition
The excitation transfer between the atoms, can be achieved by preparing the system initially
at the state |ψ(0)〉 = |e, 0〉|g, 0〉...|g, 0〉, with initial conditions Cj(0) = 0, A0(0) = 1 and
Al(0) = 0 for all j = 0, 1, ..., n − 1 and l = 1, . . . , n − 1. Then, one can obtain via equation
(3-8), C ′j(0) = 0, and A
′
j(0) =
1√
n
for every j. Again, with the aid of Eqs. (3-13) and (3-14),
one can obtain
Ci(t) =
−i
n
∑
j
e−i(ω+ξxj)t√
[1 + (ξxj)2]
sin t
√
1 + (ξxj)2χ
∗
j(αi),
Ai(t) =
1
n
∑
j
e−i(ω+ξxj)t√
[1 + (ξxj)2]
[
√
1 + (ξxj)2 cos t
√
1 + (ξxj)2 + iξxj sin t
√
1 + (ξxj)2]χ
∗
j (αi).
(4-20)
Similar to the photon transition (as argued in the previous subsection), one can discuss exci-
tation transfer for small and large hopping limits, where it is seen that at the limiting cases
ξ ≪ and ξ ≫, we have Ci(T ) ≃ 0 for times T = lpi, with l ∈ Z; The probability of transfer of
atomic excitation from the first atom to the i-th atom, i.e. Pi(T ) = |Ai(T )|2, can be evaluated
similarly.
5 Examples
In this section we give two examples of uncolored Cayley networks for which the photonic and
atomic state transfer between atom-cavities is investigated in details.
1. The Cycle network Cn
If G = Zn is the finite cyclic group of order n and the set S consists of two elements, the
standard generator of G and its inverse, i.e., a, a−1 with an = 1, then the Cayley graph is the
cycle Cn. In this case the irreducible characters of the group are given by χk(a
l) = ωkl, for
k, l = 0, 1, . . . , n− 1, where ω := e 2piin is the n-th root of identity.
The adjacency matrix of the network is A = S + S−1, where S is the shift matrix of order
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n so that we have Sn = I. Then, the corresponding eigenvalues of A are given by xl =
χl(a) + χl(a
−1) = ωl + ω−l = 2 cos(2pil
n
), l = 0, 1, . . . , n − 1. Now, one can evaluate the
probability amplitudes corresponding to the excitation or photon transition via the results
(4-17). For instance, in the case of even n = 2m with odd m = 2l+1, we have xj = cos
pij
m
6= 0
for j = 0, 1, . . . , 2m−1, so that xj = x2m−j = −xm−j . Then, for the photon transition process,
the results (5-21) and (5-22) lead to
Ci(t) ≃ e
−iωt cos t
2m
∑
j
ω−ij = e−iωt cos t δi,0,
Ai(t) ≃ −ie
−iωt sin t
2m
∑
j
ω−ij = e−iωt sin t δi,0 (5-21)
and
Ci(t) ≃ e
−iωt
2m
2m−1∑
j=0
e−2iξtxjω−ij =
e−iωt
2m
{e−4iξt + (−1)ie4iξt + 2
m−1∑
j=1
e−2iξxjt cos
piji
m
},
Ai(t) ≃ −ie
−iωt
2m
∑
j
e−iξtxj sin(ξtxj)
ξxj
ω−ij ≃ 0 (5-22)
for the asymptotic limits ξ ≪ and ξ ≫, respectively. The above relations indicate that for
small hopping ξ → 0, we have
C0(t) ≃ e−iωt cos t, A0(t) ≃ e−iωt sin t, Ci(t) = Ai(t) = 0; for i 6= 0,
so that after time t, the initial state |ψ(0)〉 = |g, 2〉|g, 0〉 . . . |g, 0〉 evolves as
|ψ(t)〉 ≃ e−iωt(cos t|g, 2〉+ sin t|e, 0〉)|g, 0〉 . . . |g, 0〉.
Therefore, the photon transition can not be achieved and a quantum correlation is generated
between the atomic and photonic states of the first cavity. On the other hand, for large hopping
ξ →∞, one obtains Ai(t) ≃ 0 for all times and
Ci=odd(t) ≃ −ie
−iωt
m
{sin 4ξt+ 2
m−1
2∑
j=1
sin(2ξxjt) cos
piji
m
},
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Ci=even(t) ≃ e
−iωt
m
{cos 4ξt+ 2
m−1
2∑
j=1
cos(2ξxjt) cos
piji
m
}.
For example, for n = 6 with m = 3, we have x0 = 2, x1 = x5 = 1, x2 = x4 = −1, x3 = −2 and
the above amplitudes are given by
C0(t) =
e−iωt
3
{cos 4ξt+ 2 cos 2ξt},
C1(t) = C5(t) =
−ie−iωt
3
{sin 4ξt+ sin 2ξt},
C2(t) = C4(t) =
−ie−iωt
3
{cos 4ξt− cos 2ξt},
C3(t) =
−ie−iωt
3
{sin 4ξt− 2 sin 2ξt},
Then, after time T = 3pi
8ξ
, we obtain the probabilities associated with two photon transition
from the first cavity to the other cavities as follows
P0(T ) =
2
9
≃ 0.22, P1(T ) = P5(T ) = 0.01, P2(T ) = P4(T ) = 0.05, P3(T ) = 5.76
9
≃ 0.64.
2. The Hypercube network Qd
The Cayley graph of the direct product of groups Z2, d times (with the cartesian product of
generating sets as a generating set) is the cartesian product of the corresponding Cayley graphs,
which gives the hypercube graph Qd (called also the Hamming network H(d, 2)). Thus, the
Cayley graph of the abelian group G = Z2 × Z2 × . . .× Z2︸ ︷︷ ︸
d−times
with the set of generators consisting
of n elements (1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, 0, . . . , 0, 1), is the hypercube network Qd
with n = 2d nodes and the adjacency matrix
A =
d∑
i=1
I ⊗ . . .⊗ I ⊗ σx︸︷︷︸
i−th
⊗I . . .⊗ I.
The irreducible characters of the group G are direct products of the irreducible characters
of the group Z2, i.e., by denoting k, l ∈ G in the binary representation k ≡ kd−1 . . . k1k0
and l ≡ ld−1 . . . l1l0, with ki, li ∈ {0, 1} (so that k = k0 + 21k1 + . . . + 2d−1kd−1), we have
χk(l) = (−1)k·l, where k · l = ∑d−1i=0 kili. Also, one can easily show that the eigenvalues of the
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adjacency matrix A with the corresponding degeneracy degrees are given by xi = d − 2i and
D(xi) =
d!
i!(d−i)! for i = 0, 1, . . . , d, respectively.
For instance, for d = 2, we have x0 = 2, x1 = x2 = 0 and x3 = −2. Then, the Eq. (4-17)
leads to
Ci(t) =
e−iωt
4
√
1 + 4ξ2
{
√
1 + 4ξ2(e−2iξt+χ3(i)e
2iξt) cos t
√
1 + 4ξ2−2iξ(e−2iξt−χ3(i)e2iξt) sin t
√
1 + 4ξ2+
√
1 + 4ξ2(χ1(i) + χ2(i)) cos t},
Ai(t) =
−ie−iωt
4
√
1 + 4ξ2
{(e−2iξt + χ3(i)e2iξt) sin t
√
1 + 4ξ2 +
√
1 + 4ξ2(χ1(i) + χ2(i)) sin t}.
The above results are respectively simplified for the small and large hopping parameter ξ, as
follows
Ci(t) ≃ e
−iωt cos t
4
{e−2iξt + χ3(i)e2iξt + χ1(i) + χ2(i)},
Ai(t) ≃ −ie
−iωt sin t
4
{e−2iξt + χ3(i)e2iξt + χ1(i) + χ2(i)}; for ξ ≪
and
Ci(t) ≃ e
−iωt
4
{e−4iξt + χ3(i)e4iξt + (χ1(i) + χ2(i)) cos t},
Ai(t) ≃ −ie
−iωt
4
(χ1(i) + χ2(i)) sin t, for ξ ≫ .
By substituting χ1(0) = χ1(2) = 1, χ1(1) = χ1(3) = −1, χ2(0) = χ2(1) = 1, χ2(2) = χ2(3) =
−1 and χ3(0) = χ3(3) = 1, χ3(1) = χ3(2) = −1 in the above relations, the corresponding
amplitudes are determined for every i = 0, 1, 2, 3.
6 Conclusion
In summery, quantum state transfer and entanglement generation between n coupled atom-
cavity systems with uncolored Cayley interacting networks, was analyzed. By employing the
excitation-photon conservation symmetry of the Hamiltonian and introducing some suitable
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‘generalized’ Fourier transformed basis states for the state space of the system, the corre-
sponding Hilbert space was block-diagonalized with 2 dimensional blocks. Due to this useful
reduction, the corresponding Shro¨dinger equation was solved exactly, and state transfer (ex-
citation or photon transition between the atoms or the cavities) and entanglement generation
between the atoms were discussed. The large and small hopping limits was discussed where,
it was shown that for large hopping strength, the initially unentangled atoms remain effec-
tively unentangled forever whereas for small hopping, the initially unentangled atoms become
entangled and the initial photonic W -state oscillates between atomic and photonic W -states
periodically.
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